I. INTRODUCTION
The field of quantum transport has seen a great deal of interest since the observation of quantized electrical conductance was first reported. 1, 2 In the early work in this area, quantum point contacts were used to achieve the small width necessary for conductance quantization to be apparent. Subsequently, it has become relatively straightforward to fabricate "electron waveguides," which are narrow enough to show quantum size effects.
Electron waveguides have been the subject of much investigation, primarily because many different structures can be produced by modifying the waveguide. Examples include the theoretical investigation of straight waveguides with sections of mismatched widths 3 and single and double right-angle bend waveguides. 4 The investigations of the double bend showed that the transmission function contains resonant structure, which was later confirmed experimentally. 5 Following initial studies of the double bend, the effects of Anderson disorder, 6 edge roughness, and isolated impurities were investigated. 7 The transmission function for a series of two and three double bends was calculated and the effect of rounded corners in the bend regions and bends of angles other than 90 were examined. 6, 7 Quantum size effects are predicted to enhance thermoelectric performance 8 and for this reason the thermoelectric properties of these waveguide structures are of interest. The first reported observation of thermoelectric effects in a double bend 9 suggested that the structure could show stronger thermoelectric behavior than a quantum point contact. The thermopower of a double bend has also been calculated numerically 10 with the results showing that the resonant structure of the transmission function gives rise to large magnitudes in the thermopower. A complete understanding of the thermoelectric properties of such structures requires an understanding of the role played by phonons; to this end, calculations of the phonon contribution to the thermal conductivity have also been undertaken for double bends. 11, 12 The thermal conductivity is one of the factors which influences the overall thermoelectric figure of merit and the reduction of the phonon contribution due to geometric constraints, as well as due to the low operating temperatures typically employed, is seen as advantageous. This has recently been explored in the context of generic one-dimensional nanostructures, 13 Si 1-x Ge x nanowires, 14 and graphene nano-ribbons. 15 Phonons also play a role in modifying the thermopower through the effects of scattering and through the mechanism of phonon drag (see, for example, Ref. 16 ). Again, evidence suggests that at sufficiently low temperatures the purely electronic component can dominate in waveguide structures and therefore studies which neglect phonons are relevant as regards defining limiting behavior (a recent review of all these considerations may be found in Ref. 17) . In this work, we examine single, double, and U-bend structures, and in the case of the latter we pay particular attention to the effects of disorder or imperfections of various kinds. As far as we are aware, the Ubend investigated here has not been studied elsewhere. One similar structure appears in the literature, but this is attached to leads much wider than the waveguide itself, 18 introducing additional ringing in the transmission function, 19, 20 which is not present in our structures.
The paper is organised as follows. In Sec. II, the theory used to model the single, double, and U-bend electron waveguides is outlined. In Sec. III, the transport characteristics of these structures, including thermoelectric effects and the impact of imperfections, are investigated. Finally, in Sec. IV, we summarize the work and present our concluding remarks.
II. THEORY
In this section, the theory used to model the waveguide structures is presented. Our approach is relatively standard and is based on the well-established Landauer-B€ uttiker picture of quantum transport, [21] [22] [23] [24] of which an excellent overview may be found in Ref. 25 . However, whilst our overall approach is not novel in itself, we take the opportunity here to discuss some specific theoretical aspects where these have 0021-8979/2015/117(6)/064312/8/$30.00
V C 2015 AIP Publishing LLC 117, 064312-1 not been presented previously in the literature in any particular detail.
For the purposes of modelling, the "system" of interest consists of a rectangular region which is connected to two leads; see Fig. 1 . The device structure itself is defined by specifying exclusion regions within the rectangular region by the use of a large potential. Each lead is assumed to be independent, semi-infinite, multi-moded and terminates in a reservoir far away from the device. Each reservoir is assumed to be large enough that the addition or removal of a carrier will not affect its internal state. An individual reservoir therefore provides a source and sink of carriers in its associated lead, with the carrier states maintained at a local equilibrium temperature and chemical potential along the length of the lead. In this model, all equilibration occurs in the reservoirs and the carriers maintain their phase coherence within the device itself. These fundamental assumptions are those which underpin the Landauer-B€ uttiker modelling approach [21] [22] [23] [24] and allow the device to be studied as part of an open quantum system-a necessity for transport calculations.
In what follows, these assumptions are applied to the three geometries shown in Fig. 1 . Note that a length d of each of the leads is included as part of the device itself; this is necessary to ensure proper treatment of the bends (as discussed later). The z-direction is assumed to decouple from the x-and y-directions leaving a quasi-two-dimensional real space. This is discretized using a grid with N x and N y points in the x-and y-directions, respectively, with grid spacings of a x and a y . This provides N ¼ N x N y points in the device space and we refer to each point on the two-dimensional grid by a single index n or m. A standard Green's function formalism 25 is used to evaluate the transport properties of the device, the starting point of which is the timeindependent Schr€ odinger equation for electrons of effective mass m* given by
where U(x, y) is the potential. This includes the aforementioned exclusion regions (which define the waveguide geometry) and also allows for imperfections such as edge roughness and Anderson disorder to be added in, as discussed later. To solve Eq. (1) numerically, a centered finitedifference method is used to discretize the equation yielding an N Â N Hamiltonian matrix, which captures the physics of the device. The elements of this matrix are given by
n and m x-adjacent; Àt y ; n and m y-adjacent; 0; otherwise;
where
x;y , and U n denotes the value of the potential taken at point n on the grid. Ultimately, the derived matrices of interest which enable the calculation of transport coefficients correspond to the retarded and advanced Green's functions for the whole leads-plus-device system, written, respectively, as G R and G A . At an energy E, these are given by
with g an infinitesimal positive quantity and the dagger symbolizing the conjugate transpose. Here, R is a self-energy matrix which captures the effect of the leads coupling to the device and ultimately accounts for the equilibration, which occurs in the reservoirs. A self-energy matrix R p is calculated for each lead p ¼ 1, 2 and these are then summed to obtain the quantity in Eq. (3) as R ¼ R 1 þ R 2 . This approach allows for the inclusion of semi-infinite leads using only finite-sized matrices on a discretized real-space grid. The appropriate expression for the self-energy matrix for the pth lead is well-known 25 R p ¼ a x a y ½s dp g p s pd ;
where g p is the retarded Green's function matrix for the semi-infinite lead in isolation and the s are coupling matrices representing the binding between the lead and device. This coupling is assumed to be the same as that between adjacent grid points in the device region enabling the elements of the matrices to be written as ½s dp nm ¼ Àd nm t x p ; point n adjacent to lead p; 0; otherwise;
where x p is defined in relation to the longitudinal direction of lead p. Thus, x p ¼ x for leads connected to the left and right edges of the device region, and x p ¼ y for the lead attached to the top edge of the single bend as illustrated in Fig. 1 . The two leads are the same width for convenience. The nature of the coupling matrices means that it is only necessary to evaluate the lead Green's functions at the end of the lead adjacent to the device. The elements of this surface Green's function are found from the continuous spectral representation,
where w a;k a and a;k a are the wavefunction and energy, respectively, for the state with transverse mode index a and longitudinal wavenumber k a in lead p. We also set x 0 p ¼ x p since only the surface values of this function are of interest. Each lead is assumed to be straight, semi-infinite in length and have a square-well cross-section given by
with y p measured relative to the transverse center of lead p.
The eigenstates of such a lead are
with
and a ¼ 1, 2…. Substituting Eqs. (9) and (10) into Eq. (7) and discretizing, the lead Green's function matrix elements are obtained as
with [u a ] n the value of the ath transverse wavefunction at grid point n. The summation runs over the propagating modes a in lead p, for which a < E. These modes are assumed to be dominant, so that evanescent modes can be neglected.
It is intuitively clear that by including a length of the leads as part of the device structure itself, i.e., by spatially removing the interfaces with the semi-infinite leads (where phase coherence is lost), one should improve the accuracy of the modelling. The only limitation is one of the computational processing resources, so in practice a suitable compromise is necessary. In what follows, we have included a length d of each lead in the device region whose value has been determined by testing to see that the results are effectively insensitive to any further increase. In this way, the fact that the states in the waveguide extend slightly beyond the bends themselves is effectively captured and better "matching" occurs with the states supplied by the leads (which are those of a semi-infinite straight wire).
Once the lead self-energies and system Green's functions are known, the transmission probabilities t qp can be calculated. These give the probability of a carrier incident on the device from lead p exiting via lead q. The standard approach is to use the Fisher-Lee equation in a continuous multi-moded representation, which gives the scattering or S-matrix element in terms of the Green's function at the lead-device interface 25, 26 
The S-matrix element s ba is the fraction of the wave amplitude from mode a in lead p that scatters into mode b in lead q and v b is the electron velocity in mode b. The lead-specific local coordinates x p and y p correspond, respectively, to the longitudinal and transverse directions in lead p with the interface between the lead and device positioned at x p ¼ 0. The transmission probability (or transmission function) from mode a in lead p to mode b in lead q is given by the squared modulus of the relevant S-matrix element. By summing over all propagating modes, the total transmission function from lead p to lead q is obtained as
The present systems contain only two leads so that p, q ¼ 
where M p ðEÞ ¼ P a 1 is the number of propagating modes in lead p at energy E, Tr and Im are, respectively, the trace and imaginary parts, and
is the broadening matrix for lead p. This is a measure of the imaginary component of the effective Hamiltonian ½Ĥ À R p , which broadens the energy levels of the system and introduces a finite state lifetime corresponding to phase relaxation and eventual dissipation. 27 The continuous expression given by Eq. (12) is converted to the matrix representation presented as Eq. (14) via the prescription Ð dy p;q ! a y p;q P n;m . The relation hv a ¼ 2a x t x sin ðk a a x Þ is used to evaluate the velocities and is obtained from the relation hv a ¼ @E=@k a using the dispersion relation for a one-dimensional discrete wire, E ¼ 2t x ½1 À cos ðk a a x Þ.
As an aside, we note that the Green's functions provide a straightforward means of visualizing the electronic behavior within the device as well as enabling the transmission function to be calculated. The local density of states at a grid point n, denoted by [q] n , is related to the imaginary component of G R by the expression 27,28
This allows the spatial distribution of the electronic states at any energy to be "visualized," which in certain situations can be a useful aid in understanding the characteristics of the device. The calculation of the transmission function is all one needs to evaluate the transport quantities of interest, i.e., the electrical conductance G and the thermopower S, assuming one is in the linear response regime where the potential and temperature differences between the two reservoirs are sufficiently small. To be specific, G and S are evaluated between the two terminals and in the equations that follow t refers to the transmission function between the two leads, i.e., t(E) ¼ t 12 (E) ¼ t 21 (E). The transport coefficients are obtained from t(E) and the derivative of the Fermi function f 0 evaluated at the global chemical potential l and temperature T via the expressions, 29, 30 G ¼ 2e
where L is given by
and 1 is given by Eq. (10). These formulae are expected to be valid given that the relaxation mechanisms only operate well away from the primary regime of interest. 29 Convenient units are G 0 ¼ e 2 /h for the conductance, which is the quantum of electrical conductance per spin, and k B /e for the thermopower. As discussed in the Introduction, it is assumed that the electronic component dominates at low temperature and therefore the effects of phonons can be ignored. With this in mind, the thermoelectric figure of merit ZT can be estimated (as a measure of the efficiency of the device in thermoelectric applications 31 ) using the formula 32 
ZT
Here, j is the thermal conductance defined as
When the transmission function is a slowly varying function of energy, the above results are not particularly interesting, i.e., the thermal conductance j is essentially the same as the electrical conductance G multiplied by a scaling factor G th / G 0 , with G th ¼ k 2 B p 2 T=3h being the quantum of thermal conductance per spin. This is a manifestation of the Wiedemann-Franz law. 29 However, when the transmission function is a rapidly varying function of energy, as it is near resonances associated with a given device geometry (see Sec. III), much richer behavior can be observed. In such cases, enhancement of the thermopower (which can even change sign as a function of chemical potential), together with a breakdown of the Wiedemann-Franz relationship between the electrical and thermal conductance, can lead to a significant increase in the thermoelectric figure of merit. This is one of the principal potential attractions of this type of device structure. 17 
III. RESULTS AND DISCUSSION
The transmission functions (or coefficients) for single and double-bend waveguides are presented in 6, 7, 10 The transmission function of the single bend is generally smooth with a cutout region around 22 meV where no electrons can pass through the structure. The addition of a second bend increases the complexity of the transmission function, giving rise to additional peaks and troughs overlaid on the single bend results. This is due to interference between the bends. The shifting positions of the transmission peaks with the interbend length a show that the geometry of the structure can be used to tune the behavior of the device. The maxima in the transmission function occur when the electron wavenumber k a satisfies a standing wave condition in a twodimensional box approximately the length of the section between the bends. 4 The linear response coefficients for a double bend are shown in Fig. 3 . The conductance follows the form of the transmission function closely although the fine detail is lost due to the non-zero temperature. In the regions where the transmission function varies rapidly with energy, the thermopower displays pairs of peaks, one positive and one negative. This is in agreement with the theory that the thermopower is related to the energy derivative of the transmission function. 33, 34 Therefore, the sharper the resonances in the transmission function, the larger the magnitude of the thermopower peaks.
The effect of Anderson disorder 35 on the behavior of the double bend is now considered. This is a model of a disordered material where a potential, chosen randomly from a uniform distribution in the range -V D to þV D inclusive, is added to each grid point in the device. We choose units of
The disorder is generated randomly and so variation between samples is expected. Fig. 4 therefore shows the conductance and thermopower for four different disorder configurations at two different values of V D .
The conductance is in general reduced by the presence of disorder due to the increased difficulty for an electron to pass through the structure. The peaks in the conductance are also shifted by the disorder in a configuration-dependent way. These changes are reflected in the thermopower, where the features shift on the energy axis, depending on the configuration and strength of the disorder. Perhaps the most interesting observation is that the presence of disorder can lead to increased values in the thermopower. Coupled with the reduced conductance, this can result in an increase in the thermoelectric figure of merit.
U-bend structures, equivalent to two double bends positioned back to back, are now considered. There are now two interbend lengths a and b, which can be used to tune the behavior of the device. Initially, however, we impose the condition that a ¼ b to examine how the additional bends affect the transmission function. This is shown in Fig. 5 where one can see that the addition of the third and fourth bends causes the formation of triplets of peaks in the transmission function. This is in agreement with the prediction that, if a structure has N B bends, there will be N B -1 peaks in the transmission function. 18 The transmission peaks show a very clear progression towards lower energies as the lengths of the sections between the bends are increased, as seen for the double bend. In addition to the relatively broad triplet peaks, fine resonances are apparent in Fig. 5 . As discussed above, these can be expected to lead to large magnitudes in the thermopower, as confirmed by Fig. 6 . In conjunction with the large values of S, the low conductivity in the same energy range means that the thermoelectric figure of merit is large, reaching a maximum of about 11.
The effects of disorder and imperfections in the U-bend structure are now examined. The discretized approach is ideally suited to a model of edge roughness based on that of Todorov and Briggs. 20 The roughness is specified by the correlation length L cor , variance length L var , and maximum narrowing width W max . Each of these lengths is specified in terms of grid spacings. The edges of the waveguide are split into sections with lengths picked at random from the three values L cor -L var , L cor , and L cor þ L var . In alternate sections, an arbitrarily large potential is applied to a strip whose width is chosen randomly between 1 and W max inclusive. A sample roughness configuration is shown in Fig. 7 .
In Fig. 8 , the transmission function for a U-bend with four different configurations of edge roughness is presented. These results are compared to those for the unaltered smooth U-bend and also to a waveguide, which has been narrowed by a single continuous row of grid points. The various edge roughness configurations have differing effects on the transmission as we would expect, although the results are qualitatively similar for all of the rough devices. Each of these curves bears a much closer resemblance to that of the narrowed smooth structure than the unmodified one. This is not surprising since the average narrowing caused by the roughness will be closer to the former than the latter. Overall, the transmission appears to be relatively robust against even a moderately large degree of roughness compared to the results obtained for the narrowed structure. However, the thermoelectric properties will be affected since the details of the transmission peaks can be modified by the presence of edge roughness.
Finally, the impact of Anderson disorder on the performance of the U-bend is examined. Fig. 9 shows the effect of this disorder on the transmission function for a number of random configurations. The transmission peaks can be broadened, shifted, and diminished by the disorder, with the exact effect being determined by the individual configuration and thus difficult to predict. By altering the disorder strength V D , the impact of the level of disorder on the behavior of the U-bend is examined. This is shown in Fig. 10 . The effect of increasing disorder strength is configuration-dependent with the first configuration in Fig. 10 showing a drop in transmission with increasing V D but little change in the resonant energies. The second configuration shows the reverse of this. configuration-dependent nature of the disorder, the details of the two sets of coefficients differ quite significantly although the overall form of the curves is qualitatively similar. The conductance follows the transmission curves closely as expected and consequently reflects the effect of the disorder. Similarly, the thermopower is altered by the change in energy and sharpness of the transmission resonances. As a result, the magnitudes of the thermopower peaks are reduced substantially. These conditions lead to a reduction in the thermoelectric figure of merit for the U-bend, although peaks approaching 2.5 are still seen for the structures presented here.
IV. CONCLUSIONS
In this paper, a quantum transport theory based on Green's functions on a discrete real space grid is presented which allows the calculation of the transmission function, linear response thermopower, and electrical conductance. The theory is applied to electron waveguide structures containing single and double right-angle bends, obtaining good qualitative agreement with results elsewhere in the literature. Stop-band behavior is observed in the transmission function for both of these structures and sharp resonances in the transmission function of double bends are shown to give rise to positive-negative pairs of peaks in the thermopower. The length of the section of waveguide between the two bends determines the energies at which the maxima in the transmission function occur, thus allowing these to be tuned by adjusting the interbend length a.
A novel combination of two double bends placed back to back to form a U-bend is studied in depth. The four bends give rise to triplets of peaks in the transmission function, whilst the three interbend sections allow the energies of the transmission peaks to be controlled extensively. Like the double bend, the transmission function of the U-bend also exhibits stop-band behavior and fine resonances in this region give rise to large magnitude peaks in the thermopower. Coupled with the low conductance predicted for these energies, this leads to values of the thermoelectric figure of merit well in excess of unity.
One of the strengths of the numerical approach presented is the ease with which imperfections can be modeled. The introduction of Anderson disorder to the double-bend waveguides shows that the thermoelectric figure of merit can increase in disordered systems. Both Anderson disorder and edge roughness models are applied to the U-bend. In these cases, the general structure of the transmission function is robust against a moderate degree of both types of imperfection whilst, if the level of disorder is large, the height, breadth, and energy of the peaks in the transmission function vary in a configuration-and energy-dependent fashion. The linear response coefficients also reflect these changes, with one of the consequences being that the thermopower drops in comparison to a "perfect" structure. As a result, the thermoelectric figure of merit is reduced, though still peaks at values in excess of 2.
From a practical point of view, the U-bend has a potentially compact form and also gives the capability of tuning the chemical potential at which optimal thermoelectric conversion is attained. We conclude that, even when imperfections are taken into account, the U-bend has a strong thermoelectric signature.
